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1 Introduction
The moduli space of flat d-dimensional toroidal string compactifications is generated by
a group O(d, d, R) [1]. This generalizes to curved string backgrounds with d toroidal
isometries (chiral and anti-chiral) where the moduli space again can be generated by the
action of a group isomorphic to O(d, d, R) [2, 3]. The global structure of the moduli
space is rather striking; points corresponding to different backgrounds, are related by the
generalized duality group of discrete symmetries, isomorphic to O(d, d, Z) [4, 3].
In this paper, we will argue that the discrete symmetries of the moduli of target space
should be interpreted as global residual symmetries of an underlying broken gauge group
of string theory. In particular, we will show that the axial/vector duality of abelian WZW
cosets [5] is a gauge symmetry, and therefore, it is an exact symmetry in string theory,
both for compact as well as non-compact groups.
Moreover, we will describe deformations that generate a family of conformal back-
grounds that interpolate between manifolds with different topologies. This provides a
simple example of classical topology change in string theory, similar to the phenomenon
described recently for Calabi-Yau compactifications [6, 7]. The topology change that will
be described here occurs for cosmological string backgrounds, and is therefore important.
The view of discrete symmetries in target space as gauge symmetries was already
discussed in the flat case. In ref. [8] it was argued that from the point of view of
an effective space-time theory, the discrete symmetry relating a compact dimension of
radius r to that of radius 1/r is indeed a part of a continuous SU(2) rotation. The
argument goes as follows. When the compactified circle is at radius r = 1, there is an
extended affine symmetry SU(2)L × SU(2)R. This theory contains three chiral currents
Ja, and three anti-chiral currents J¯a in the adjoint representation of SU(2)L and SU(2)R,
respectively. The space of truly marginal independent directions is embedded in the 9-
dimensional space generated by JaJ¯ b. The set of critical points that can be reached
from the SU(2) point by conformal deformations (of the type (
∑a=3
a=1 αaJ
a)(
∑b=3
b=1 βbJ¯
b))
span a 5-dimensional surface in the 9-dimensional euclidean space. However, because
different truly marginal perturbations are equivalent under continuous transformations in
the group SU(2)L×SU(2)R, the dimension of the physical moduli space is 1. In particular,
the duality transformation relating r to 1/r corresponds to the Weyl transformation in
SU(2)L that takes J
3 to −J3. Infinitesimally near the SU(2) point, this corresponds to
the identification of the theory given by the deformation αJ3J¯3, with the theory given
by the deformation −αJ3J¯3.
The generalization to d-dimensional toroidal backgrounds was given ref. [9]. It was
shown that any element of the generalized duality group O(d, d, Z), is a product of dis-
crete symmetries corresponding to continuous rotations in groups (Weyl transformations)
around points with an extended affine symmetry. Moreover, it was suggested [9] that
in string theory the generalized dualities are residual discrete symmetries of a broken
infinite dimensional gauge group. This was realized for the heterotic string compactified
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on a torus in ref. [10], where a completely duality invariant effective action of the N = 4
heterotic string was constructed. It was then shown that the infinite dimensional gauge
algebra is broken at any classical background to a finite dimensional group, and that the
generalized duality group O(6, 22, Z) elements are residual discrete symmetries of the
broken gauge algebra. It is therefore expected that target space dualities are residual
discrete symmetries of the underlying gauge algebra of string theory [9, 10, 11, 12, 13].
The identification of target space dualities with continuous rotations around points
with an extended symmetry is rather important. In particular, it proves that such duali-
ties are exact symmetries ( nonperturbatively in α’): theories associated to different flat
backgrounds that are related by duality correspond to the same CFT (to all orders and
interactions).
Generalized target space dualities are not limited only to flat backgrounds; in ref.
[3] it was shown that the elements of O(d, d, Z) are discrete symmetries of the space of
curved string backgrounds that are independent of d coordinates. It was moreover shown
in [14] that (as in the flat case [9]), in the compact WZW case, these are exact symmetries
of CFT and string theory by relating them to invariance under the affine Weyl group. It
was also argued that they should persist in the non-compact case.
Are these symmetries residual discrete symmetries of an underlying gauge algebra
in string theory? In this work we present the answer concerning particular elements of
the O(d, d, Z) group. Namely, we will show that any element relating an axially gauged
U(1) of a WZW model to the vector gauging is a residual discrete symmetry of the
broken gauge algebra in the sense discussed above. In particular, this proves that the
axial/vector coset duality is an exact symmetry in string theory. This is true for compact
groups, as well as for non-compact groups, and therefore, has important implications for
black-hole duality [15] and the study of singularities in string theory. The extension to
the full O(d, d, Z) might be done along the lines of [9], and will appear elsewhere.
The paper is organized as follows: In section 2 we start with the simplest non-trivial
case, the SU(2) or SL(2, R) model and its marginal deformation. In section 3 we present
the partition function, and discuss the geometrical interpretation of the modulus param-
eter. In section 4 we study the target space geometry and topology change along the
line of deformations, and we describe a smooth topology change in the extended moduli
space of the SU(2) WZW model. In section 5 we deal with the general case. In section 6
we discuss the duality on the line of marginal deformations and its relation to a broken
gauge symmetry transformation. Finally, section 7 contains our conclusions and further
comments. In the appendix we describe why the σ-model action we give for the deformed
WZW model is exact to all orders in α′.
2
2 JJ¯ deformation of SU(2) or SL(2) WZW model and
duality as a broken gauge symmetry
In this section we will consider duality as a broken gauge symmetry for the simplest
nontrivial case, namely, duality acting on the deformation line of SU(2) or SL(2) WZW
models.∗
If we parametrize the SU(2) group element as
g = eiθ1σ3eixσ2eiθ2σ3 (2.1)
then the action for SU(2)k WZW model is given by
S[x, θ1, θ2] = S1 + Sa + S[x],
S1 =
k
2π
∫
d2z(∂θ1∂¯θ1 + ∂θ2∂¯θ2 + 2Σ(x)∂θ2∂¯θ1),
Sa =
k
2π
∫
d2z(∂θ2∂¯θ1 − ∂θ1∂¯θ2),
S[x] =
k
2π
∫
d2z ∂x∂¯x− 1
8π
∫
d2z φ0R
(2), (2.2)
where Σ(x) = cos 2x, and φ0 is a constant dilaton. The action for SL(2)k WZW model
is given from (2.2) by taking x→ ix and k → −k.
The antisymmetric term Sa in (2.2) is (locally) a total derivative, and therefore may
give only topological contributions, depending on the periodicity of the coordinates θ.
To specify the periodicity, we define
θ = θ2 − θ1 , θ˜ = θ1 + θ2 , (2.3)
such that
θ ≡ θ + 2π , θ˜ ≡ θ˜ + 2π . (2.4)
In these coordinates the action becomes
S[x, θ, θ˜] =
1
2π
∫
d2z(∂θ, ∂θ˜, ∂x)

 E 0
0 k




∂¯θ
∂¯θ˜
∂¯x

− 18π
∫
d2zφ0R
(2), (2.5)
where E is the 2× 2 matrix
E =
k
2

 1− Σ 1 + Σ
−(1 + Σ) 1 + Σ

 , (2.6)
∗ We define the CFT corresponding to the SL(2) WZW model as the analytic continuation of the
(Euclidean) 3-d hyperboloid (H+3 ) σ-model. This definition provides with a stable path integral pre-
scription for the SL(2) theory as shown in [16]. All subsequent remarks concerning SL(2) will assume
this definition.
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The action S (2.5) is manifestly invariant under the U(1)L × U(1)R affine symmetry
generated by the currents
J =
k
2
(−(1− Σ)∂θ + (1 + Σ)∂θ˜) ,
J¯ =
k
2
((1− Σ)∂¯θ + (1 + Σ)∂¯θ˜) . (2.7)
In addition, there are two extra chiral currents, and anti-chiral currents, completing the
affine SU(2)L × SU(2)R or SL(2)L × SL(2)R symmetry of the the WZW model.
It is possible to deform the action S to new conformal backgrounds by adding to it
any marginal deformation. We will focus on marginal deformations that are obtained as a
linear combination of chiral currents times a linear combination of anti-chiral currents.†
It is now important to note that all the deformations that are equivalent under the
action of the symmetry group give rise to equivalent CFTs (although not necessarily
to backgrounds that are related by coordinate transformations!). In the following we
deform the WZW action with the JJ¯ marginal operator, as was done in ref. [17]. This
deformation gives rise to a one parameter family of theories, parametrized by the radius
of the Cartan torus.
Once deforming with JJ¯ , the affine symmetry is broken to U(1)L×U(1)R. The U(1)
chiral and anti-chiral currents at the deformed theory can be found and will be presented
below.
The JJ¯ deformation is equivalent to a particular one parameter family of O(2, 2)
rotations acting on the background matrix E and the dilaton [17]. To show this point
we begin by establishing our notation following ref. [9].
The groupO(d, d, R) can be represented as a 2d×2d-dimensional matrices g preserving
the bilinear form j
g =

 a b
c d

 , j =

 0 I
I 0

 , (2.8)
where a, b, c, d, and I are d× d-dimensional constant matrices, and
gtjg = j. (2.9)
We define the action of g on E by fractional linear transformations:
g(E) = E ′ = (aE + b)(cE + d)−1. (2.10)
† It is easy to see that for generic level these are the only potential marginal deformations. Any
other possible deformation has to be generated by affine primaries, and these do not generically have
dimension (1,1). This can happen though at special levels. For example, in the case of SU(2)k when
k = (m − 1)(m + 2), then the j = m primary has dimension one. It is not known if this is exactly
marginal, although it is for m = 2. However it is suggestive that the central charge of the associated
parafermion system is 1 + [1− 6/m(m+ 1)] so that it may be that the theory is a semidirect product of
a U(1) and a minimal model.
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The group O(d, d, R) is generated [9] by GL(d) transformations:
 a b
c d

 =

 A 0
0 (At)−1

 s.t. A ∈ GL(d), (2.11)
constant Θ shifts 
 a b
c d

 =

 I Θ
0 I

 s.t. Θ = −Θt, (2.12)
and factorized duality
 a b
c d

 =

 I − e1 e1
e1 I − e1

 s.t. e1 = diag(1, 0, ..., 0). (2.13)
The discrete group O(d, d, Z) is defined to be the elements g in (2.8) with integer entries.
Rotations with O(2, 2) elements in GL(2) and Θ shifts preserve the current algebra
(although in general they change the spectrum) . Therefore, once choosing a JJ¯ defor-
mation of the WZW point (2.2) for specific J and J¯ , the deformed theories are described
in terms of a one parameter family of rotations. Next we describe this rotation.
The backgrounds corresponding to the JJ¯ deformation of the WZW point, with J
and J¯ given in (2.7), are constructed by an O(2, 2) transformation (2.10) of the WZW
background (2.6) with the element [17]
gα =

 I cos2 α(k − tanα)ǫ
0 I



 A(α) 0
0 (A(α)t)−1



 C(α) S(α)
S(α) C(α)



 I −kǫ
0 I

 ,
(2.14)
where
I =

 1 0
0 1

 , ǫ =

 0 1
−1 0

 , A(α) =

 cosα 0
0 cosα(1 + k tanα)


C(α) = cosα I, S(α) = sinα ǫ, (2.15)
namely,
1
k
gα(E) ≡ ER(α) = 1
1 +R2 1−Σ
1+Σ

 1−Σ1+Σ 1
−1 R2

 , (2.16)
where
R(α)2 = (1 + k tanα)2. (2.17)
The deformation line parametrized by −π/2 ≤ α ≤ π/2 is, therefore, a double cover of
the line parametrized by the radius 0 ≤ R ≤ ∞. The original WZW point is given at
R = 1.
The dilaton field φ also transforms under the O(2, 2) rotation. At the WZW point
the dilaton is the constant φ = φ0 appearing in (2.2). Then at the point R, the value of
the dilaton is equal to that implied by O(2, 2, R) tranformations (see also appendix A)
φ = φ0 +
1
2
log
(
detG(1)
detG(R)
)
. (2.18)
5
With this dilaton,
√
G(R)eφ(R) is independent of R, and moreover, it has the appropriate
asymptotic behaviour as R→∞.
We have obtained the σ-model background (2.16,2.18) using O(2,2) transformations,
which are correct to 1-loop order (but correctable to all orders [14]). In appendix A we
show that there is a scheme in which this background solves the β-function equations to
all orders.
Two special backgrounds occur at the boundaries of the R modulus space. At R = 0
(α = tan−1(− 1
k
)) the background matrix is
ER=0 =

 1−Σ1+Σ 1
−1 0

 =

 1−Σ1+Σ 0
0 0

 mod Θ− shift. (2.19)
This background corresponds to the direct product of the vectorially gauged coset SU(2)/U(1)v
[18] or SL(2)/U(1)v and a free boson at a compactification radius r = 0 (that is equiva-
lent to a non-compact free boson via the r → 1/r duality). The constant antisymmetric
tensor in (2.19) can be safely dropped since one of the two coordinates is non-compact.
At R =∞ (α = π/2) the background matrix is
ER=∞ =

 0 0
0 1+Σ
1−Σ

 . (2.20)
This background corresponds to the direct product of the axially gauged coset SU(2)/U(1)a
or SL(2)/U(1)a and a free scalar field at a compactification radius r = 0.
As was already mentioned, the R = 1 (α = 0) point, corresponds to the original
WZW model. Around this point, and for an infinitesimal deformation parameter δα, the
deformed action is given by
SR=1+δR = SR=1 +
δR2
4πk
∫
JJ¯ , (2.21)
where J and J¯ are given in (2.7). This extends along the full line. The U(1)L affine
symmetry is generated by θ → θ − ǫ, θ˜ → θ˜ + ǫ/R2 with a conserved current
J(R) = k
−(1 − Σ)∂θ + (1 + Σ)∂θ˜
1 + Σ +R2(1− Σ) , (2.22)
whereas the U(1)R affine symmetry is generated by θ → θ + ǫ, θ˜ → θ˜ + ǫ/R2 with a
conserved current
J¯(R) = k
(1− Σ)∂¯θ + (1 + Σ)∂¯θ˜
1 + Σ +R2(1− Σ) . (2.23)
Thus
SR+δR = SR +
δR2
4πk
∫
J(R)J¯(R) , (2.24)
and the variation of the dilaton provides the proper measure for the σ-model above.
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We now arrive to the important point of this section. The Weyl transformation
J → −J is given by a group rotation at the WZW point, and thus is a symmetry of
the WZW model. Therefore, the deformation of the WZW model by δαJJ¯ is equivalent
infinitesimally to the deformation by −δαJJ¯ . The points δα and −δα along the α-
modulus are thus the same CFT. In string theory, we say that they are related by a
residual Z2 symmetry of the broken gauge symmetry of the extended symmetry point.
The residual discrete symmetry is the target space duality. This symmetry can be
integrated to finite α, giving rise to a Z2 ∈ O(2, 2, Z) duality matrix gD
gD =

 0 I
I 0



 I −ǫ
0 I



 e2 e1
e1 e2



 I ǫ
0 I



 0 I
I 0


=



 0 1
0 1



 1 0
0 0



 1 −1
−1 1



 0 0
1 1




, (2.25)
where
e1 =

 1 0
0 0

 , e2 =

 0 0
0 1

 , (2.26)
I is the 2-dimensional identity matrix, and ǫ is given in (2.15). The element gD acts on
ER by (2.10) and gives
gD(ER) = E1/R. (2.27)
Therefore, duality takes the modulus R to its inverse 1/R.
As a consistency check, we note that R→ 1/R is equivalent to tanα→ − tanα
1+k tanα
, and
therefore, a small α is transformed by duality to −α as it should be.
In particular, we learn that the R = 0 and R =∞ points are the same CFT. Thus the
vector/axial duality of SU(2)/U(1) and SL(2)/U(1) is exact, and corresponds in string
theory to a residual discrete symmetry of the broken gauge symmetry.
We should add some more comments here concerning equivalent versions of the WZW
deformations. The first remark is that the background (2.16,2.18) can be obtained as a
gauged WZW model, SU(2) × U(1)/U(1) where the U(1) has radius e and the gauged
U(1) is the sum of the U(1) of the free boson and the Cartan of SU(2). Gauging the
axial current and integrating out the gauge fields we obtain half of the line in (2.16,2.18)
with R2 = 1+ k/e2. Gauging the vector current we obtain the other half of the line with
R2 = (1+ k/e2)−1. It is obvious that at e→∞ we are left with the WZW model. When
e→ 0, before gauging, we know that the CFT is that of a non-compact boson times the
WZW model. The only compact U(1) subgroup then is one that lies solely in SU(2) and
thus we obtain the direct product of a non-compact boson times the SU(2)/U(1) coset
model.
The discussion in the Appendix shows that the background (2.16,2.18) is a conformally
exact σ-model to all orders in a certain scheme. In view of the relation to the coset
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above, this implies that there is a scheme in which the semiclassical result (obtained by
integrating out the gauge fields) is exact to all orders.
Another dual version of our model can be obtained by performing a factorized duality
transformation (2.13), followed by an appropriate GL(2, Z) transformation. The action
obtained thus is the sum of the parafermionic action and the action of a free scalar field
with radius
√
kR, up to a Zk orbifoldization which couples the two. The orbifoldizing
symmetry acts as a Zk transformation in the parafermionic theory and a simultaneous
translation of the free scalar by 2π/k. In this form of the action, the factorization
of the theory (at the boundary) to that of a non-compact boson and the SU(2)/U(1)
parafermion theory is manifest: When R → ∞, the Zk translation acts trivially on the
non-compact scalar, so the orbifolding symmetry acts uniquely in the parafermion theory.
However, the parafermion theory is invariant under such an orbifolding [19]. This also
supports the statement that the scalar with a vanishing radius at the boundary is a bona-
fide non-compact scalar. All of the above will be explicitly verified in the next section
by an analysis of the exact torus partition function.
3 The partition function along the R-line
In this section we present the partition function, and discuss the geometrical interpreta-
tion of the parameter R.
It is tempting to relate R to the compactification radius of the deformed Cartan torus.
This gets support by looking at the torus partition function for such a deformation. The
partition function is known in the SU(2)k deformed case, and is given by [20]
Z(R) =
k∑
l,l¯=0
k∑
m=−k+1
k−1∑
r=0
Nl,l¯c
l
m(q)c¯
l¯
m−2r(q¯)
∑
M,N∈Z
q∆M,N q¯∆¯M,N , (3.1)
with
∆M,N =
1
4k
(
kM +m− r
R
+R(kN + r)
)2
, (3.2)
∆¯M,N =
1
4k
(
kM +m− r
R
−R(kN + r)
)2
. (3.3)
In (3.1) Nl,l¯ = δl,l¯ (corresponding to the diagonal modular invariant WZW model), c
l
m(q)
are the standard string functions [21], and q = e2piiτ , where τ = τ1 + iτ2 is the complex
torus moduli parameter.
This partition function, indeed, can be obtained by performing a Zk orbifold on
the direct tensor product of the SU(2)/U(1) parafermion theory and a free scalar field
compactified on a circle of radius
√
kR [20]. The Zk symmetry we orbifoldize with, is
a combination of the Zk parafermionic symmetry and a translation of the free scalar by
8
2π/k. This is explicitly demonstrated by writing (3.1) as
Z(R) =
1
k
∑
r,s∈Zk
ζk(r, s)Z(r, s, R) (3.4)
where ζk(r, s) is the parafermion partition function twisted by the elements r, s ∈ Zk
around the two non-trivial cycles and Z(r, s, R) is the respective twisted partition function
of the free scalar with radius
√
kR. By doing the sum on s in (3.4) we get the expression
given in (3.1).
The partition function (3.1) is invariant under the duality transformation R→ 1/R.
The fixed point R = 1 corresponds to the WZW model. Next we will check the two
boundary points: R =∞ and R = 0.
At R → ∞ the only contribution to Z comes when r = 0 and N = 0 in the sums,
namely
Z(R→∞) =

|η(q)|2 k∑
l,l¯=0
k∑
m=−k+1
Nl,l¯c
l
m(q)c¯
l¯
m(q¯)

(√kRτ 1/22 |η(q)|−2) , (3.5)
where η is the Dedekind eta-function. The first parentheses in (3.5) corresponds to the
vectorially gauged coset [14]
ZvSU(2)/U(1) = |η(q)|2
k∑
l,l¯=0
k∑
m=−k+1
Nl,l¯c
l
m(q)c¯
l¯
m(q¯), (3.6)
which is the correct parafermionic partition function [19]. The second parentheses in (3.5)
corresponds to a free scalar field at the decompactification limit or zero radius limit.
At R → 0 the only three contributions to Z come when the following conditions are
obeyed in the sums in (3.1): (1) m− r = 0 and M = 0. (2) m− r = k and M = −1. (3)
m− r = −k and M = 1. Therefore, one finds
Z(R→ 0) =

|η(q)|2 k∑
l,l¯=0
Nl,l¯

 −1∑
m=−k
clm(q)c¯
l¯
−m−2k(q¯) +
k−1∑
m=0
clm(q)c¯
l¯
−m(q¯) + c
l
k(q)c¯
l¯
k(q¯)




×
(√
kR−1τ
1/2
2 |η(q)|−2
)
. (3.7)
The first parentheses in (3.7) corresponds to the axially gauged coset [14]
ZaSU(2)/U(1) = |η(q)|2
k∑
l,l¯=0
Nl,l¯

 −1∑
m=−k
clm(q)c¯
l¯
−m−2k(q¯) +
k−1∑
m=0
clm(q)c¯
l¯
−m(q¯) + c
l
k(q)c¯
l¯
k(q¯)

 .
(3.8)
Using the symmetry of the string functions clm under the affine Weyl group one obtains
that [14]
Za = Zv. (3.9)
The second parentheses in (3.7) corresponds to a free scalar field at the decompactification
limit or zero radius limit.
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We conclude that the partition function (3.1) corresponds to the deformation line of
the SU(2) WZW background described in this section. The parameter R in (2.16) is
therefore related to the radius of the Cartan torus. Although we do not know the exact
partition function of SL(2, R) for arbitrary Cartan radius, our previous argument implies
that similar things happen also there.
4 Geometry along the R-line and smooth topology
change
In this section we describe the geometry along the R-line and a smooth topology change
in the extended moduli space of SU(2) or SL(2).
We will first present the description of the target-space geometry along the R-line
of marginal deformations. The σ-model metric in the case of deformed SU(2) (in the
coordinates θ, θ˜, x) is given by
G ∼ k


sin2 x
cos2 x+R2 sin2 x
0 0
0 R
2 cos2 x
cos2 x+R2 sin2 x
0
0 0 1

 . (4.1)
The scalar curvature Rˆ is
Rˆ = −2
k
2− 5R2 + 2(R4 − 1) sin2 x
(1 + (R2 − 1) sin2 x)2 . (4.2)
The manifold is regular except at the end-points where
Rˆ(R = 0) = − 4
k cos2 x
, Rˆ(R =∞) = − 4
k sin2 x
. (4.3)
At R = 1 we get the constant curvature of S3, Rˆ = 6/k.
It should be noted that the geometric data (metric, curvature, etc.) are invariant
under R → 1/R and x → π/2 − x. Another interesting object is the volume of the
manifold as a function of R that can be computed to be
V (R) ∼ R logR
R2 − 1 (4.4)
satisfying V (R) = V (1/R). The volume becomes singular only at the boundaries of
moduli space, R = 0,∞.
For SL(2, R), the trigonometric functions in (4.2) are replaced by the corresponding
hyperbolic functions. Here the manifold has a curvature singularity for 0 ≤ R < 1.
Similar remarks apply to the Euclidean version, the 3-d hyperboloid.
The R marginal deformation generates a continuous family of CFTs that interpolate
between two manifolds with different topology: the “cigar” shape (R = ∞) with the
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topology of the disk and the “trumpet” shape (R = 0) with the topology of a cylinder.
In the SU(2) case, the S3 group manifold is deformed to D2 × p, i.e., the direct product
of a two disc and a point. These topology changes occur only at the boundary of moduli
space; a smooth topology change will be described below.
In the SU(2) case, the complete moduli space of backgrounds also includes target
spaces that are a direct product of SU(2)/U(1) like backgrounds (namely, ds2 = kdx2 +
k′ tan±2 xdθ2, where k′ is an arbitrary constant) with a finite radius circle S1. These
backgrounds are smooth deformations of the SU(2) group manifold S3. For example, we
can rotate the SU(2) background matrix E in (2.5,2.6) with the O(2, 2) element
g˜α =

 I kǫ
0 I



 C(α) S(α)
S(α) C(α)



 I −kǫ
0 I

 , (4.5)
where ǫ, C(α), S(α) are given in (2.15). One finds
g˜α(E) =
k
∆

 1− Σ B
−B 1 + Σ

 , (4.6)
where
Σ = cos 2x , ∆ = cos2 α(1 + Σ) + (cosα+ k sinα)2(1− Σ) ,
B =
1
k
sin(2α)− (cos(2α) + k
2
sin(2α))(1− Σ) + ∆ . (4.7)
The dilaton transforms by eq. (2.18).
The metric along the α line of deformations is then given by the line element
ds2(α) =
k
∆(α)
[(1− Σ)dθ2 + (1 + Σ)dθ˜2] + kdx2. (4.8)
At the point α = 0 the background (4.6,4.8) is the SU(2)k group manifold S
3 (with an
antisymmetric background). Along the line 0 < α < π/2 the background (4.6) includes
the metric (4.8) with the topology of S3, as well as an antisymmetric background and a
dilaton field. At the point α = π/2 the background metric is
ds2(α = π/2) =
1
k
[dθ2 +
1 + Σ
1− Σdθ˜
2] + kdx2. (4.9)
At this point the manifold has a topology of D2×S11/k, where D2 is a two disc and S11/k is
a circle with radius r2 = 1/k. One may continue to deform this theory by, for example,
changing the compactification radius r of the free boson θ.
Therefore, we find that the quantum theories based on σ-models with topologically
distinct target spaces in the extended moduli space of the WZW model are smoothly
connected, even though classically a physical singularity is encountered.
It is remarkable that (for integer k) the neighborhood of the point α = π/2 is mapped
to the neighborhood of the point α = 0 by an element of O(2, 2, Z), namely, a target
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space generalized duality [22, 3, 23]. Therefore, a region in the moduli space where a
topology change occurs is mapped to a region where there is no topology change at all.
This is very similar to the observation made in the Calabi-Yau case [6, 7], where mirror
symmetry plays the same role as O(2, 2, Z) plays here.
5 JJ¯ deformations in curved backgrounds
In this section we describe JJ¯ deformations of general WZW models. The relation of
these deformations to O(d, d) transformations was described infinitesimally in [14] and
in finite form in [24]. We will start with a particular parametrization of a WZW model
for a group G. The group G can be semisimple, although we will explicitly indicate one
of the levels k, while the others are hidden in the action. The relevant level is the one
corresponding to the simple component of the group whose Cartan we are deforming. The
following parametrization can be easily obtained using the Polyakov-Wiegmann formula
(see for example [5, 14])
S[xa, θ1, θ2] = S1 + Sa + S[x], (5.1)
S1 =
k
2π
∫
d2z
(
∂θ1∂¯θ1 + ∂θ2∂¯θ2 + 2Σ(x)∂θ2∂¯θ1 + Γ
1
a(x)∂x
a∂¯θ1 + Γ
2
a(x)∂θ2∂¯x
a
)
, (5.2)
Sa =
k
2π
∫
d2z(∂θ2∂¯θ1 − ∂θ1∂¯θ2), (5.3)
S[x] =
k
2π
∫
d2z Γab(x)∂x
a∂¯xb − 1
8π
∫
d2z φ0R
(2), (5.4)
where a = 1, ..., D, D = dimG − 2, and φ0 is a constant dilaton. The backgrounds
Σ(x),Γ1(x),Γ2(x) and Γ(x) are independent of the coordinates θ1, θ2. With the coordi-
nates θ and θ˜ defined in (2.3, 2.4), the action becomes
S[xa, θ, θ˜] =
1
2π
∫
d2z(∂θ, ∂θ˜, ∂xa)

 E F 2b
F 1a Fab




∂¯θ
∂¯θ˜
∂¯xb

− 18π
∫
d2z φ0R
(2), (5.5)
where the 2 × 2 background matrix E, the D × 2 matrix F 2b , the 2 ×D matrix F 1a , and
the D ×D matrix Fab are given by

 E F 2b
F 1a Fab

 = k
2



 1− Σ 1 + Σ
−(1 + Σ) 1 + Σ



 Γ2b
Γ2b


(−Γ1a Γ1a) 2Γab

 . (5.6)
The action (5.5) is manifestly invariant under the U(1)L × U(1)R affine symmetry
generated by the currents
J =
k
2
(
−(1− Σ)∂θ + (1 + Σ)∂θ˜ + Γ1a∂xa
)
,
J¯ =
k
2
(
(1− Σ)∂¯θ + (1 + Σ)∂¯θ˜ + Γ2a∂¯xa
)
. (5.7)
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In addition, there are extra dimG− 1 chiral currents and dimG− 1 anti-chiral currents,
completing the affine GL ×GR symmetry of the WZW model. ‡
We now deform the action (5.5) with JJ¯ , where J and J¯ are given in (5.7). The U(1)
chiral and anti-chiral currents at the deformed theory will be found.
The deformation with JJ¯ is equivalent to g ∈ O(2, 2) rotations acting on the back-
ground matrices E, F 1, F 2, F . The action of g in (2.8) on E is given in (2.10). Here we
need also the action of g on the background matrices F 1, F 2, F [3]:
g(F 1) = F 1(cE + d)−1, g(F 2) = (a−E ′c)F 2,
g(F ) = F − F 1(cE + d)−1cF 2, (5.8)
where a, c, d are defined in (2.8), and E ′ is given in (2.10).
The one parameter family of the JJ¯ deformation is given by acting on the background
(5.6) with gα given in (2.14). Using eqs. (2.10, 5.8) one finds
1
k
gα(E) ≡ ER(α), (5.9)
1
k
gα(F
1) ≡ F 1R(α) =
(1 + Σ)−1Γ1
1 +R2 1−Σ
1+Σ
(
−1, R2
)
, (5.10)
1
k
gα(F
2) ≡ F 2R(α) =
(1 + Σ)−1Γ2
1 +R2 1−Σ
1+Σ

 1
R2

 , (5.11)
1
k
gα(F ) ≡ FR(α) = Γ + (R
2 − 1)(1 + Σ)−1Γ1Γ2
2(1 +R2 1−Σ
1+Σ
)
, (5.12)
where ER and R(α) are given in (2.16, 2.17).
The constant dilaton φ0 in the WZW background (5.4) transforms under gα by eq.
(2.18). For more details see ref. [3].
From eqs. (2.16, 5.10, 5.11, 5.12), we see that up to an overall k factor, the background
is parametrized by one radius R2 = (1 + k tanα)2.
As in the SU(2) and SL(2) cases, the whole Cartan subalgebra survives along the
deformation. In the parametrization we are using we have only one pair of these explicit
J(R) = k
−(1− Σ)∂θ + (1 + Σ)∂θ˜ + Γ1a∂xa
1 + Σ +R2(1− Σ) , (5.13)
J¯(R) = k
(1− Σ)∂¯θ + (1 + Σ)∂¯θ˜ + Γ2a∂¯xa
1 + Σ +R2(1− Σ) , (5.14)
‡ Actually, one can bring the background in (5.1)-(5.4) into the form appearing in ref. [3] eq. (2.1)
with i = 1, ..., rankG. In this form the rankG chiral currents and rankG anti-chiral currents corresponding
to the left-handed and right-handed Cartan tori are manifest.
13
and we can verify that that eq. (2.24) is still valid. In fact it does not matter with which
current in the Cartan of a simple component we are deforming. Different choices are
related by target space reparametrizations.
It is instructive here to discuss the counting of parameters of O(d, d) transformations
related to that of marginal deformations. A general WZW model for a semi-simple group
G has 2r Killing symmetries associated with the currents of the Cartan subalgebra of
GL ×GR, where r is the rank of G. Thus the relevant group is O(2r, 2r). GL(2r) trans-
formations and antisymmetric tensor shifts preserve the presence of the current algebra,
although they might change its spectrum. Out of this (6r2 − r)-dimensional subgroup
no transformation preserves the action. There is a r(2r − 1)-dimensional manifold of
left-over transformations which break the G-current algebra; these are of the type JJ¯ .
Therefore, the JJ¯ deformations correspond to a r(2r − 1) parameter family of the full
O(2r, 2r) group. Out of these, the r(r − 1)-dimensional subgroup O(r) × O(r) leaves
the action invariant. The rest r2 transformations correspond precisely to all possible JJ¯
marginal perturbations with currents in the Cartan subalgebra.
The deformation described here is true for any background with chiral and anti-chiral
currents, and it is only for the purpose of discussing gauge symmetries that we assume
that some point on this line (in our notation R = 1 ) is a WZW model.
In the next section we discuss target space duality on the R-line of deformations.
6 Duality on the JJ¯ line is a residual broken gauge
symmetry
Remarkably, the action of gD ∈ O(2, 2, Z) given in eq. (2.25) on the backgrounds
E, F 1, F 2, F in eq. (5.6), gives a rather simple duality transformation on the R-modulus.
By straightforward calculations using the transformations given in (2.10, 5.8) one finds
gD



 ER F 2R
F 1R FR



 =

 E1/R F 21/R
F 11/R F1/R

 . (6.1)
Therefore, duality takes the modulus R to its inverse 1/R.
The results described in section 2 for the SU(2) and SL(2) cases are extended to the
general case. The fixed point R = 1 corresponds to the extended symmetry point GL ×
GR, namely, the original WZW model. Infinitesimally around the extended symmetry
point, duality corresponds to the transformation α → −α. This transformation can be
achieved by a Weyl transformation in GL (or GR) that reflects J → −J (or J¯ → −J¯).
Duality is related to a Weyl reflection and is, therefore, a residual discrete symmetry of
the broken gauge algebra of the associated string theory. This provides a map between
the two half lines, and in particular identify the two boundaries at R = 0 and R = ∞.
In the following we show that these boundaries correspond, respectively, to the direct
product of the cosets G/U(1)a and G/U(1)v with a free scalar field.
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At R = 0 (α = tan−1(− 1
k
)) the background matrix is
ER=0 =

 1−Σ1+Σ 1
−1 0

 =

 1−Σ1+Σ 0
0 0

 mod Θ− shift,
F 1R=0 = (1 + Σ)
−1Γ1(−1, 0), F 2R=0 = (1 + Σ)−1Γ2

 1
0

 ,
FR=0 = Γ− 1
2
(1 + Σ)−1Γ1Γ2. (6.2)
This background corresponds [22, 3] to the direct product of the vectorially gauged coset
G/U(1)v and a free boson at a compactification radius r = 0 (that is equivalent to a
non-compact free boson via the r → 1/r duality).
At R =∞ (α = π/2) the background matrix is
ER=∞ =

 0 0
0 1+Σ
1−Σ

 , FR=∞ = Γ + 1
2
(1− Σ)−1Γ1Γ2,
F 1R=∞ = (1− Σ)−1Γ1(0, 1), F 2R=∞ = (1− Σ)−1Γ2

 0
1

 . (6.3)
This background corresponds [22, 3] to the direct product of the axially gauged coset
G/U(1)a and a free boson at a compactification radius r = 0.
Therefore, like the SU(2) and SL(2, R) cases, because the end-points are equivalent
theories we obtain that axial-vector duality is exact in general.
7 Comments and open problems
In this work we have studied some aspects of the global structure of the moduli space of
curved string backgrounds with d toroidal isometries. The moduli space of such CFTs
(at the σ model level ) contains the moduli space that is generated by O(d, d, R) transfor-
mations. The latter contains all marginal deformations of the JJ¯ kind, with J , J¯ in the
Cartan. The symmetries acting on the O(d, d, R) space are generated by the O(d, d, Z)
group. What we have shown in this work is that some elements of this group, corre-
sponding to axial-vector duality of abelian cosets of WZW models, can be viewed as
residual gauge symmetries since around a WZW point they are related by a continuous
group transformation. Do all the O(d, d, Z) transformations correspond to residual gauge
symmetries? This question was addressed in the flat case [9] where it was shown that any
O(d, d, Z) transformation corresponds to a product of discrete residual gauge symmetries
around points with extended symmetry.
At the σ-model level, the deformations given by O(d, d) transformations are not the
full story; one can generate more (equivalent) backgrounds by deforming, for exam-
ple, with JJ¯ combinations different from the ones considered here (namely, of the type
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(
∑a=D
a=1 αaJ
a)(
∑b=D
b=1 βbJ¯
b), where D = dimG). Although these are related by transfor-
mations in the GL × GR symmetry group, they give σ-models which are not related to
the previous one by a coordinate transformation (unless the transformation is in the di-
agonal G). A similar effect appears when gauging U(1) sub-groups, that are embedded
differently in the group, giving rise to a family of different actions for the same coset.
The deformation line of the SL(2) model described in section 2 interpolate between
the euclidean abelian cosets. Therefore, we proved duality for the euclidean SL(2)/U(1)
coset. A proof for the lorentzian case proceeds along the same lines by deforming with
the JJ¯ corresponding to the non-compact U(1) in SL(2).
A final remark concerns “topology change”. The marginal deformations discussed in
this paper provide some concrete examples of continuous change of topology by relating
the axial to vector cosets, and to the original WZW points. We found that a smooth
topology change occurs in the extended moduli space of SU(2)k model. This can be
extended to the moduli space of SL(2)k, and other curved string backgrounds with one
time-like coordinate; it therefore provides an evidence to a classical topology change in
cosmological string backgrounds (and other curved space-time). Moreover, in these cases
the different topologies might give rise to equivalent theories, a phenomenon that is not
unheard of in string theory.
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Note Added
In [25], Moore gave a precise prescription of Conformal Perturbation Theory which
preserves the duality symmetry R → 1/R in the theory of compact scalar fields. It is
straightforward to show that precisely the same prescription does the job here, both in
the compact and non-compact theories, since an arbitrary correlation function factorizes
into that of a free boson and a parafermionic one, which does not feel the perturba-
tion. The interpretation of this result is that the duality symmetry is non-anomalous in
perturbation theory. We thank the referee for bringing this to our attention.
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In [26], Tseytlin showed that there is a scheme in σ-model perturbation theory where
the semiclassical background for the (compact or non-compact) parafermion theory is
exact to all orders. Our arguments show that such a scheme exists for the whole line of
theories and not only for the boundary or WZW points. The above make the following
conjecture highly plausible: For all coset models (compact or non-compact) there is a
scheme where the semiclassical background (obtained from the gauged WZW model) is
exact.
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Appendix A.
In this Appendix we will give the detailed argument concerning the exactness of the
σ-model picture. Conformal perturbation theory (CPT) indicates that there is a line of
theories obtained by perturbing around the SU(2) or SL(2) WZW model by
∫
J3J¯3. The
theories along the line have a U(1)L × U(1)R chiral symmetry. Thus the σ-model action
of these theories must satisfy at least the following three properties
1) It should have U(1)L × U(1)R chiral symmetry along the line.
2) It should have the group property: δS ∼ ∫ J3J¯3 at any point of the line (this is a
property obvious in CPT).
3) At a specific point it should reduce to the known action of the SU(2) or SL(2)
WZW model.
The most general 3-d action which satisfies property (1) is [22]
S[x, ψ1, ψ2] = S1 + S2 + S3, (A.1)
S1 =
1
2π
∫
d2z
(
∂θ1∂¯θ1 + ∂θ2∂¯θ2 + 2Σ(x, λ)∂θ1∂¯θ2 + Γ1(x, λ)∂x∂¯θ2 + Γ2(x, λ)∂θ1∂¯x
)
,
(A.2)
S2 =
1
2π
∫
d2zB(λ)(∂θ1∂¯θ2 − ∂θ2∂¯θ1) + 1
2π
∫
d2z Γ(x, λ)∂x∂¯x, (A.3)
S3 = − 1
8π
∫
d2z φ(x, λ)R(2), (A.4)
where
θi =
2∑
j=1
αij(λ)ψj , (A.5)
and we have explicitly indicated the dependence on the continuous parameter λ. Here
the ψi are λ-independent angular coordinates.
The chiral currents can be calculated to be
J(λ) = ∂θ2 + Σ(x, λ)∂θ1 +
1
2
Γ1(x, λ)∂x (A.6)
J¯(λ) = ∂¯θ1 + Σ(x, λ)∂¯θ2 +
1
2
Γ2(x, λ)∂¯x. (A.7)
We now impose property (2) to S1 + S2
§:
∂
∂λ
S1+2(λ) =
g(λ)
2π
∫
J(λ)J¯(λ), (A.8)
where g(λ) reflects the freedom of independent normalization of the currents along the
line. However, it can always be set to any fixed number by a reparametrization in λ.
§ The dilaton should be considered as part of the measure of the path integral since its contribution
is visible at the one loop level. It should of course be determined and we will do so in two independent
ways, either from the requirement that the measure is correct along the line, as it was explained in the
main text, or just from the requirement of conformal invariance that we will use here.
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Thus, from now on, we will assume without loss of generality that g = 2. Then (A.8)
gives a system of first order non-linear differential equations which can be integrated
explicitly. Imposing also the boundary conditions:
αij(0) =
(√
k 0
0
√
k
)
, (A.9)
B(0) = k , Σ(x, 0) = Σ(x), (A.10)
Γ1(x, 0) = Γ2(x, 0) = 0 , Γ(x, 0) = k, (A.11)
we obtain
αij(λ) =
√
k
(
cosh(λ) sinh(λ)
sinh(λ) cosh(λ)
)
, (A.12)
B = k , Σ(x, λ) =
1− 1−Σ(x)
1+Σ(x)
e−2λ
1 + 1−Σ(x)
1+Σ(x)
e−2λ
, (A.13)
Γ1(x, λ) = Γ2(x, λ) = 0 , Γ(x, λ) = k. (A.14)
This is precisely the background (2.16) with the identification R = e−λ.
So far we have not imposed conformal invariance. At one-loop the β-function equa-
tions amount to (prime indicates differentiation with respect to x)
φ = − log[Σ′/
√
1− Σ2] + constant (A.15)
and (
Σ′′
Σ′
)′
+
2ΣΣ′′ + Σ′2
1− Σ2 + 3
Σ2Σ′2
(1− Σ2)2 = 0 (A.16)
It is important to note that with Σ(x) = cos(2x) (SU(2)) or cosh(2x) (SL(2)) (A.13)
satisfies the one-loop equation (A.16). The only way (A.13) can change consistent with
our requirements (1-3) is by a redefinition of R, which implies that there is a scheme in
σ-model perturbation theory where the metric and the antisymmetric tensor receive no
higher order corrections in α′. In such a case also the dilaton receives no higher order
corrections [27]¶.
Consequently, the dilaton is given by
φ(x,R) = log[1 +
1− R2
1 +R2
Σ(x)] + f(R). (A.17)
The R-dependent constant can be fixed by the requirements that
√
G(R)eφ(R) (which
represents the physical string coupling) is invariant along the line. This gives the formula
for the dilaton presented in section 2.
¶The dilaton β-function (central charge) does get corrections. This is what is happening also in the
WZW model. However, like that case, one can replace k with k + 2 in front of the action. Then the
central charge is given by the classical and 1-loop piece only, without spoiling the vanishing of the other
β-functions.
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The arguments above show that (2.16,2.18) describe the correct (to all orders in α′)
σ-model background associated with the deformation of the WZW model. One fur-
ther comment is in order to ensure that our conclusions hold non-perturbatively in α′.
The correlators of a generic theory along the R-line (compact or not) are products of a
parafermionic correlator coupled to a block of a boson at radius R/
√
k. For the boson
blocks we know their explicit structure. What remains to analyse is the non-perturbative
structure of the parafermionic blocks (which is the same as that of the respective WZW).
In the compact case there are non-perturbative contributions which can be seen to come
from the non-trivial affine null vectors. A look at the exact torus partition function
(3.1) suffices to note that the non-pertrubative terms are precisely those coming from
the subtraction of affine null vectors (with dimensions of O(k)). This persists for parti-
tion functions at any genus. An independent look at the sphere four-point amplitudes
confirms again that the non-perturbative terms come from the part of the overall coeffi-
cient which enforces the affine cutoff [28](which we know to be the consequence of affine
null vectors). Such non-perurbative corrections do not spoil the R → 1/R duality. In
the non-compact case no non-perturbative corrections are expected since there are no
non-trivial affine null vectors. A computation of the partition function in this case at
R = 1 corroborates this statement [16].
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